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Wklv sdshu frqvlghuv d g|qdplf pdunhw zkhuh d {hg qxpehu ri
upv hqjdjh lq Frxuqrw frpshwlwlrq1 Ilupv duh erxqghgo| udwlrqdo
dqg duh dvvxphg wr ehkdyh hlwkhu frpshwlwlyho| ru frrshudwlyho|1 Lq
txdqwlw| vhwwlqj upv duh lplwdwruv1 Ilupv pd| fkdqjh wkhlu ehkdylrxu
lqfoxglqj vrfldo dvshfwv lq wkhlu ghflvlrqv1 Lw lv vkrzq wkdw ghshqglqj
rq wkh vwuxfwxuh ri wkh pdunhw dqg wkh vrfldo vlwxdwlrq/ hlwkhu wkh Zdo0
udvldq htxloleulxp ru wkh frooxvlrq htxloleulxp lv wkh xqltxh vwrfkdvwl0
fdoo| vwdeoh vwdwh1 Xqolnh wkh h{lvwlqj olwhudwxuh/ wklv sdshu wkhuhzlwk
jlyhv d wkhruhwlfdo xqghuslqqlqj iru vrph uhfhqw h{shulphqwdo uhvxowv1
Nh|zrugv = Roljrsro| wkhru|/ Vwrfkdvwlf Vwdelolw|/ Ghfrpsrvdelolw|1
MHO frghv= O46/ F:61
 	

Wkh hfrqrplf ghflvlrqv wkdw dq lqglylgxdo kdv wr pdnh duh riwhq yhu| frpsol0
fdwhg1 Hdfk lqglylgxdo kdv wr wdnh lqwr dffrxqw qrw rqo| khu rzq remhfwlyhv/
dfwlrqv dqg srvvleoh vwudwhjlhv/ exw dovr wkh vrfldo hqylurqphqw lq zklfk
vkh rshudwhv1 Lq wkh olwhudwxuh lw kdv ehhq dujxhg wkdw dvvxplqj udwlrqdo
ehkdylrxu e| lqglylgxdov/ dv lv vwdqgdug lq wkh qhr0fodvvlfdo sdudgljp/ lv
WL wkdqn Groi Wdopdq iru lqvslulqj glvfxvvlrqv dqg phwlfxorxv surri0uhdglqj1 Khosixo
vxjjhvwlrqv iurp Vhp Eruvw dqg lq sduwlfxodu Ulfkdug Erxfkhulh duh juhdwo| dssuhfldwhg1
Wkh xvxdo glvfodlphu dssolhv1
_Ghsduwphqw ri Hfrqrphwulfv ) Rshudwlrqv Uhvhdufk dqg FhqwHU/ Wloexuj Xqlyhuvlw|/
S1R1 Er{ <3486/ 8333 OH Wloexuj/ Wkh Qhwkhuodqgv1 H0pdlo= M1M1M1WklmvvhqCnxe1qo1
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wrr vwurqj dq dvvxpswlrq1 Wr flwh \rxqj +4<<;,= Wklv ^udwlrqdolw|` lv d
udwkhu h{wudydjdqw dqg lpsodxvleoh prgho ri kxpdq ehkdylru/ hvshfldoo| lq
wkh frpsoh{/ g|qdplf hqylurqphqwv wkdw hfrqrplf djhqwv w|slfdoo| idfh1
Ixuwkhupruh/ lw lv ihow wkdw wkh uroh ri htxloleulxp lq hfrqrplf prghov qhhgv
wr eh uhfrqvlghuhg1 Rqh pd| orrn dw wkh htxloleuld dulvlqj lq qhr0fodvvlfdo
prghov dv ehlqj wkh rxwfrph ri d g|qdplf surfhvv ri lqwhudfwlrq gxulqj
zklfk hyroxwlrq wr dq htxloleulxp lv hvwdeolvkhg1 Hyroxwlrq wkhq zrunv dv d
zd| wr vhohfw dq htxloleulxp1 Wkh lpsruwdqfh ri htxloleulxp vhohfwlrq kdv
dovr ehhq uhfrjql}hg e| Kduvdq|l dqg Vhowhq +4<;;,1 Wkh| vwlfn krzhyhu wr
wkh qhr0fodvvlfdo sdudgljp zlwk udwlrqdo lqglylgxdov lq dq hvvhqwldoo| vwdwlf
hqylurqphqw1 Htxloleulxp vhohfwlrq wkhq wdnhv sodfh e| d udwlrqdo surfh0
gxuh wkdw fdq eh ghvfulehg e| d krprwrs|1 Odwho| lw kdv ehhq dujxhg wkdw
wkh htxloleulxp vhohfwlrq surfhvv vkrxog eh vhhq dv dq hyroxwlrqdu| surfhvv
dqg khqfh eh prghoohg h{solflwho|1 Wkh zd| wklv kdv ehhq grqh lv wr ds0
so| lghdv iurp hyroxwlrq wkhru| lq jdph wkhru| +vhh h1j1 Pd|qdug Vplwk
+4<;5,,1 Hyroxwlrq wkhq uhvxowv iurp wkh dfwlrqv ri hvvhqwldoo| qrq0udwlrqdo
ru erxqghgo| udwlrqdo djhqwv1 Wkh pdlq txhvwlrq lv zkhwkhu hyroxwlrq ohdgv
lq wkh orqj0uxq wr d udwlrqdo htxloleulxp/ wkdw lv/ gr wkh htxloleuld dulvlqj lq
prghov edvhg rq wkh qhr0fodvvlfdo sdudgljp jlyh d jrrg ghvfulswlrq ri wkh
orqj0uxq lq dq hyroxwlrqdu| vhwwlqj1 Wkh hog ri hyroxwlrqdu| hfrqrplfv kdv
jurzq udslgo| wkh odvw ghfdgh1 Wklv ghyhorsphqw kdv ehhq dffrpsdqlhg e|
dq lqfuhdvlqj lqwhuhvw lq h{shulphqwdo hfrqrplfv wr vwxg| wkh hyroxwlrq ri
hfrqrplf ehkdylrxu1
Lq hyroxwlrqdu| jdph wkhru|/ wzr frqfhswv duh frqvlghuhg wr eh vwdqgdug
qrwlrqv1 Wkh uvw rqh lv hyroxwlrqdu| vwdeoh vwudwhj| +HVV,1 Dq HVV lv d
vwudwhj| wkdw lv urexvw djdlqvw vpdoo shuwxuedwlrqv1 Dv vxfk lw lv d uhqhphqw
ri wkh Qdvk htxloleulxp frqfhsw +vhh h1j1 ydq Gdpph +4<<7, ru Zhlexoo
+4<<8,,1 Wr lqfoxgh dq h{solflw hyroxwlrqdu| g|qdplf surfhvv wkh frqfhsw
ri vwrfkdvwlf vwdelolw| kdv ehhq lqwurgxfhg +vhh Irvwhu dqg \rxqj +4<<3,/
Ndqgrul hw do1 +4<<6,/ dqg \rxqj +4<<6,,1 Lqwxlwlyho|/ vwrfkdvwlfdoo| vwdeoh
vwdwhv duh wkrvh vwdwhv wkdw uhpdlq wr eh sod|hg diwhu hyroxwlrq kdv grqh lwv
zrun1 Wkh dujxphqw lv wkdw dv wlph jrhv dorqj/ hfrqrplf djhqwv ohduq wr
xqghuvwdqg wkhlu hqylurqphqw ehwwhu1 Wkh vwrfkdvwlfdoo| vwdeoh vwdwhv duh
wkhq wkh uhpdlqlqj vwdwhv lq wkh orqj0uxq wkdw fdq eh vdlg wr kdyh vxuylyhg
wkh surfhvv ri hyroxwlrq1
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Lq roljrsro| wkhru| wkhvh lghdv kdyh ehhq dssolhg e| Yhjd0Uhgrqgr
+4<<:,1 Kh vkrzhg wkdw zkhq upv lplwdwh wkh up wkdw pdnhv wkh kljkhvw
surwv/ frpelqhg zlwk h{shulphqwdwlrq ru wuldo dqg huuru/ lq d Frxuqrw vhw0
wlqj wkh pdunhw frqyhujhv wr wkh Zdoudvldq htxloleulxp1 Wkh lpsruwdqfh ri
lplwdwlrq dqg wuldo dqg huuru lq hyroxwlrqdu| hfrqrplf surfhvvhv kdv douhdg|
ehhq vwuhvvhg e| Dofkldq +4<83,1 Kh fodlphg wkdw surw pd{lpl}dwlrq lv
qrw d phdqlqjixo fulwhulrq iru vhohfwlqj dq dfwlrq lq dq hvvhqwldoo| xqfhuwdlq
vlwxdwlrq1 Uhfhqwo|/ dq h{shulphqwdo vwxg| e| Rhupdq hw do1 +5333, vkrzv
wkdw lq d Frxuqrw pdunhw zkhuh djhqwv nqrz wkh ghpdqg ixqfwlrq/ wkh frvw
ixqfwlrq/ dv zhoo dv doo txdqwlwlhv surgxfhg dqg surwv hduqhg e| wkh rwkhuv/
wkh pdunhw hlwkhu vhwwohv rq wkh Zdoudvldq htxloleulxp ru rq wkh frooxvlrq
htxloleulxp/ l1h1 wkh txdqwlw| wkdw pd{lpl}hv lqgxvwu| surw1 Wkh uhvxow e|
Yhjd0Uhgrqgr +4<<:, h{sodlqv rqo| sduw ri wklv h{shulphqwdo uhvxow1
Lq wklv sdshu zh doorz wkdw rq d phwd0ohyho/ lqglylgxdov fdq fkdqjh wkhlu
ehkdylrxu1 Wkh hyroxwlrq ri ehkdylrxu ohdgv wr glhuhqw hyroxwlrq sdwkv dw
wkh orzhu  txdqwlw| vhwwlqj  ohyho1 Zh vkrz wkdw wkh vwrfkdvwlfdoo| vwdeoh
vwdwh ri wklv wzr0vwdjh hyroxwlrqdu| surfhvv lv hlwkhu wkh frooxvlyh htxloleulxp
uhvxowlqj iurp frrshudwlyh ehkdylrxu ru wkh Zdoudvldq htxloleulxp uhvxowlqj
iurp frpshwlwlyh ehkdylrxu1 Wkhuhzlwk/ wklv sdshu jlyhv d wkhruhwlfdo xq0
ghuslqqlqj iru wkh h{shulphqwdo uhvxowv ri Rhupdq hw do1 +5333,1 Zklfk
zd| hyroxwlrq jrhv  frpshwlwlrq ru frrshudwlrq  ghshqgv rq wkh lqfol0
qdwlrq wr frrshudwlyh ehkdylrxu zlwklq wkh jurxs ri upv lq wkh pdunhw1
Wklv lqfolqdwlrq fdq eh vhhq dv d vrfldo frqwudfw ehwzhhq upv dqg lv wkhuh0
iruh d uhsuhvhqwdwlrq ri wkh vrfldo hqylurqphqw lq zklfk upv rshudwh1 Lw
lv dvvxphg wkdw wkh lqfolqdwlrq wr frrshudwlrq lv h{rjhqrxvo| jlyhq1 Wkh
lpsruwdqfh ri wkh lqwhuuhodwlrqvklsv ri wkh hqylurqphqw dqg wkh suhydlolqj
w|shv ri hfrqrplf ehkdylrxu zklfk dsshdu wkurxjk d surfhvv ri hfrqrplf
vhohfwlrq kdv ehhq vwuhvvhg e| Dofkldq +4<83,1 Lq wkh xowud0orqj uxq/ wkh
lqfolqdwlrq wr frrshudwlyh ehkdylrxu dv uh hfwhg e| wkh suhydlolqj vrfldo
frqwudfw pljkw dovr eh vxemhfwhg wr hyroxwlrq1 Iru d wkhru| rq wkh hyroxwlrq
ri vrfldo frqwudfwv zh uhihu wr h1j1 Elqpruh +4<<;,1 E| doorzlqj iru wkh vl0
pxowdqhrxv h{lvwhqfh ri pruh wkdq rqh ehkdylrxudo uxoh dqg e| lqwurgxflqj
d phwd0ohyho zkhuh upv hydoxdwh wkhlu ehkdylrxu/ wklv sdshu h{whqgv wkh
prgho ri Yhjd0Uhgrqgr +4<<:, lq wzr zd|v wkdw/ wr rxu nqrzohgjh/ kdyh
qrw ehhq sxuvxhg vr idu lq wkh h{lvwlqj olwhudwxuh1
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Lq prgholqj wkh lqwhudfwlrq rq wzr ohyhov d Pdunry fkdlq rq wkh txdqwlw|0
vhwwlqj ohyho dv zhoo dv d Pdunry fkdlq rq wkh ehkdylrxudo ohyho duh ghqhg/
zkhuh wkh wudqvlwlrq suredelolwlhv ri wkh odwwhu ghshqg rq wkh vwdwh ri wkh
txdqwlw|0vhwwlqj fkdlq1 Wr jhw dq dssur{lpdwlrq ri wkh vwrfkdvwlfdoo| vwdeoh
vwdwhv ri wkh hqwluh surfhvv zh xvh wkh wkhru| ri qhduo| frpsohwho| ghfrpsrv0
deoh v|vwhpv ghyhorshg e| Vlprq dqg Dqgr +4<94,/ Dqgr dqg Ilvkhu +4<96,/
dqg Frxuwrlv +4<::,1 Lq wkh txdqwlw|0vhwwlqj ohyho/ upv duh dvvxphg wr lp0
lwdwh lq d suhvfulehg zd|1 Wklv fruuhvsrqgv wr upv xvlqj uxohv ri wkxpe lq
frqgxfwlqj wkhlu gd| wr gd| exvlqhvv1 Rq wkh ehkdylrxudo ohyho/ upv uh hfw
rq wkhlu vwudwhj| dqg fkdqjh wkhlu ehkdylrxu li wkh uhvxowv ri wkhlu fxuuhqw
ehkdylrxu duh qrw vdwlvidfwru|1
Dowkrxjk wkh xvh ri pxowlsoh ehkdylrxudo uxohv lq vwrfkdvwlf hyroxwlrqdu|
prghov lv qhz/ wkh lghd kdv ehhq dssolhg lq dq HVV vhwwlqj/ qrwdeo| lq wkh
olwhudwxuh rq lqgluhfw hyroxwlrq +fi1 Jÿwk dqg \ddul +4<<5,,1 Lq wklv olwhud0
wxuh hyroxwlrq zrunv rq suhihuhqfhv udwkhu wkdq rq vwudwhjlhv1 Srvvdmhqqlnry
+5333, iru h{dpsoh ghyhorsv d prgho lq zklfk djhqwv fdq eh hlwkhu dowuxlvwlf
ru vslwhixoo1 Jlyhq wkh sod|hu*v suhihuhqfhv vkh sod|v d ehvw uhvsrqvh1 Do0
wuxlvp wkhq ohdgv wr wkh frrshudwlyh rxwfrph dqg vslwhixoqhvv ohdgv wr wkh
frpshwhwlyh rxwfrph1 Srvvdmhqqlnry +5333, jlyhv frqglwlrqv xqghu zklfk
hlwkhu dowuxlvp ru vslwhixooqhvv lv hyroxwlrqdu| vwdeoh1
Wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5 wkh prgho lv h{sodlqhg
lq ghwdlo1 Iluvw wkh txdqwlw| vhwwlqj ohyho lv prghohg1 Diwhuzdugv wkh eh0
kdylrxudo ohyho lv prghohg dqg erwk ohyhov duh xqlwhg lq rqh vwrfkdvwlf g|0
qdplf v|vwhp1 Lq Vhfwlrq 6 lw lv suryhg wkdw xqghu vxlwdeoh frqglwlrqv hlwkhu
frrshudwlyh ru frpshwlwlyh ehkdylrxu lv vwrfkdvwlfdoo| vwdeoh1 Wklv ohdgv wr
wkh frqfoxvlrq wkdw +dssur{lpdwho|, hlwkhu wkh frooxvlrq htxloleulxp ru wkh
Zdoudvldq htxloleulxp dulvhv1 Ilqdoo|/ Vhfwlrq 7 frqfoxghv1
  
Ohw eh jlyhq d pdunhw iru d krprjhqhrxv jrrg zlwk q upv/ lqgh{hg e|
L? @ i4> 5> = = = > qj1 Frpshwlwlrq wdnhv sodfh e| txdqwlw| vhwwlqj1 Wkh surw




 '  lv jlyhq e|
+> 3, @ S + . 3, F+,> +4,
zkhuh S = LUn $ LUn lv wkh lqyhuvh ghpdqg ixqfwlrq/ zklfk lv dvvxphg wr
eh vwulfwo| ghfuhdvlqj dqg F = LUn $ LUn lv wkh frvw ixqfwlrq1 Lw lv dvvxphg
wkdw hdfk up fdq fkrrvh iurp d qlwh glvfuhwh vhw ri srvvleoh surgxfwlrq
ohyhov/ +, =@ i3> >5> = = = > yj/ iru vrph y 5 LQ dqg  A 31
Wkh ehkdylrxu ri up l 5 L? lv ghqrwhg e|  5  @ i3> 4j/ zkhuh  @ 4
ghqrwhv frrshudwlyh ehkdylrxu dqg  @ 3 ghqrwhv frpshwlwlyh ehkdylrxu1
Wkh vwdwh0vsdfh lv jlyhq e|  @ +,?  ?1 D w|slfdo hohphqw $ 5  lv
ghqrwhg $ @ +> ,/ zkhuh  @ +> = = = > ?, 5 +,
?
dqg  @ +> = = = > ?, 5
?1 Wkh fduglqdolw| ri ? zloo eh ghqrwhg e| Q dqg wkh fduglqdow| ri +,?
e| p1 Ohw 	+V, ghqrwh wkh rughuhg vhw ri doo shupxwdwlrqv rq d qlwh vhw V1
Wkhq +n, @ 	++,?,&/ n @ 4> = = = >p/ dqg +L, @ 	+




Ilupv wkdw ehkdyh frrshudwlyho| duh dvvxphg wr lplwdwh wkh h{hpsodu| up/
l1h1 wkh up wkdw surgxfhv wkh rxwsxw wkdw jhqhudwhv wkh kljkhvw lqgxvwu|
surwv zhuh doo upv wr surgxfh wkh vdph dprxqw1 Wkhuhiruh/ wkhvh upv
duh fdoohg h{hpsodu| lplwdwruv1 Jlyhq d yhfwru ri rxwsxw ohyhov  5 +,?
wkhlu ehvw0uhvsrqvh fruuhvsrqghqfh lv jlyhq e|
EH+, @it 5 +,m<MU? = t @ >;&MU? = +t> +q 4,t,
 +&> +q 4,&,j=
+5,
Li d up dfwv frpshwlwlyho|/ lw lplwdwhv wkh up wkdw pdnhv wkh kljkhvw
surw1 Wkhvh upv duh fdoohg surw lplwdwruv1 Jlyhq d yhfwru ri rxwsxw
ohyhov  5 +,? wkhlu ehvw0uhvsrqvh fruuhvsrqghqfh lv jlyhq e|
ES +, @it 5 +,m<MU? = t @ >;&MU? = +t> 3,
 +&> 3&,j=
+6,
Ohw +L, eh d jlyhq shupxwdwlrq rq ?1 Ilup l fkrrvhv dq rxwsxw ohyho
iurpEH+, li +L, @ 41 Li +L, @ 3/ up l fkrrvhv dq hohphqw iurpES +,1




+L, @ 4 dqg 

c
+, li +L, @ 31 Wkh pdunhw qrz zrunv dv iroorzv1 Dw
8
dq| wlph w/ w 5 LQ hyhu| up jhwv wkh rssruwxqlw| wr dgdsw lwv rxwsxw zlwk
d srvlwlyh suredelolw| s1 Jlyhq wkh yhfwru ri rxwsxw ohyhov 
|3
5 +,?/ li
up l lv d surw lplwdwru wkhq 
|
 5 ES +




|3,1 Wkhvh g|qdplfv ghqh d Pdunry fkdlq rq
+,?  +,?/ zlwk wudqvlwlrq pdwul{ PU
f
1 Wkh g|qdplf surfhvv hyroylqj
dffruglqj wr wklv Pdunry fkdlq lv fdoohg wkh sxuh lplwdwlrq g|qdplfv1
Zlwk suredelolw| % A 3 up l pdnhv d plvwdnh dqg fkrrvhv dq| rxwsxw
ohyho xvlqj d suredelolw| glvwulexwlrq +, zlwk ixoo vxssruw1 Wklv fdq dovr
eh vhhq dv h{shulphqwdwlrq ru/ wr vwd| forvh wr wkh ruljlqdo elrorjlfdo vhwwlqj/
pxwdwlrq1 Lplwdwlrq dqg h{shulphqwdwlrq ghqh d Pdunry fkdlq rq +,?
+,? zlwk wudqvlwlrq pdwul{ PU0 1 D w|slfdo hohphqw lv jlyhq e|
P
U























zkhuh 4Eu lv wkh lqglfdwru ixqfwlrq1 Lw lv uhdvrqdeoh wr dvvxph wkdw dv
wlph sdvvhv upv ohduq wr xvh wkh uxoh ri wkxpe jlyhq e| h{hpsodu| ru
surw lplwdwlrq hyhu ehwwhu1 Khqfh/ wkh vlwxdwlrq zkhuh wkh suredelolw| ri








lv frqvlghuhg1 Vlqfh P
U
lv dq luuhgxfleoh pdwul{/ wklv Pdunry fkdlq lv hu0
jrglf dqg wkxv kdv d xqltxh lqyduldqw suredelolw| phdvxuh 
U+,1 Iru ixuwkhu






U++n,,1 Iru whfkqlfdo uhdvrqv lw lv dvvxphg wkdw wkh glvwulexwlrqv
+, duh vxfk wkdw doo hohphqwdu| glylvruv ri wkh pdwulfhvP
U




Lw lv uhdvrqdeoh wr dvvxph wkdw hdfk up nqrzv h{ dqwh wkdw frrshudwlrq
|lhogv kljkhu surwv wkdq frpshwlwlrq1 Vlqfh dqwl0wuxvw odzv iruelg h{solflw
frruglqdwlrq wkh txhvwlrq lv zkhwkhu wkhuh fdq eh qrq0frrshudwlyh frruglqd0
wlrq rq wkh frrshudwlyh rxwfrph1 Ehkdylrxudo frqvlghudwlrqv duh prghoohg
9
e| xvlqj uhflsurfdo dujxphqwv1
4
Lw lv dvvxphg wkdw hdfk up fdq ghgxfh
wkh ehkdylrxudo w|sh ri wkh rwkhu upv jlyhq wkhlu rxwsxw fkrlfhv1 Li d up
dfwv frrshudwlyho| dqg vhhv wkdw lwv h{dpsoh lv iroorzhg lw zloo qrw fkdqjh lwv
ehkdylrxu1 Li krzhyhu/ frrshudwlyh ehkdylrxu grhv qrw jlyh hqrxjk surw
uhodwlyh wr frpshwlwlyh ehkdylrxu/ wkh up zloo fkdqjh lwv ehkdylrxu wr frp0
shwlwlrq1 Wr pdnh wkh ghflvlrq rq zklfk ehkdylrxu wr fkrrvh up l orrnv dw
wkh dyhudjh surwv uhvxowlqj iurp frpshwlwlyh dqg frrshudwlyh ehkdylrxu1
Iru hdfk L @ 4> = = = >Q ohw wkh vhw ri upv ehkdylqj frrshudwlyho| eh ghqrwhg
e| E+L,/ l1h1 E+L, @ il 5 L?m+L, @ 4j/ zlwk fduglqdolw| e+L, =@ mE+L,m1
Vlqfh doo upv ehkdylqj frrshudwlyho| duh h{hpsodu| lplwdwruv dqg doo frp0
shwlwlyhv duh surw lplwdwruv/ wkh dyhudjh surwv ri wkhvh w|shv ri ehkdylrxu/























Vlqfh ixoo frrshudwlrq |lhogv pruh surwv wkdq dq|wklqj hovh/ lw lv dv0
vxphg wkdw zlwklq wkh jurxs ri upv wkhuh lv d fhuwdlq lqfolqdwlrq wr frrs0
hudwlyh ehkdylrxu1 Wklv lqfolqdwlrq fdq eh vhhq dv d vrfldo frqwudfw ehwzhhq
wkh phpehuv ri wkh jurxs1 Lq wklv sdshu zh duh qrw frqfhuqhg derxw wkh
hyroxwlrq ri wklv frqwudfw exw vlpso| dvvxph wkdw lw lv uh hfwhg e| dq h{rjh0
qrxv dqg frqvwdqw sdudphwhu  A 31 D up zloo wkhq ehkdyh frrshudwlyho|
dv orqj dv wkh dyhudjh surw ri ehkdylqj frpshwlwlyho| grhv qrw h{fhhg wkh
dyhudjh surw ri ehkdylqj frrshudwlyho| zlwk 15 Vr/ jlyhq d shupxwdwlrq L
rq ? dqg d shupxwdwlrq n rq +,?/ wkh ehkdylrxu wkdw up l zloo fkrrvh
4 Lq hyroxwlrqdu| hfrqrplfv uhflsurflw| lv uhjdughg wr eh h{wuhpho| lpsruwdqw/ vhh h1j1
Elqpruh +4<<;,1
5Wklv ehkdylrxu pd| vhhp olnh d ghxv h{ pdfklqd1 Krzhyhu/ vlqfh upv nqrz wkdw
frrshudwlrq lq wkh hqg |lhogv pruh surwv wkdq frpshwlwlrq/ wkh sdudphwhu b fdq dovr eh
vhhq dv wkh sdwlhqfh ri wkh upv ru wkh pd{lpxp dprxqw ri surw wkdw wkh| duh zloolqj
wr irujr wr uhdfk d frrshudwlyh rxwfrph1
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Olnh lq wkh txdqwlw| vhwwlqj ohyho/ lw lv dvvxphg wkdw hdfk shulrg d up
dgdswv lwv ehkdylrxu zlwk suredelolw| s A 31 Wrjhwkhu zlwk ht1 +;, wklv
|lhogv d g|qdplf surfhvv wkdw ghqhv d Pdunry fkdlq ri sxuh ehkdylrxudo
dgdswdwlrq g|qdplfv16 Lw lv dvvxphg wkdw zlwk d srvlwlyh suredelolw| % A 3
hdfk up pdnhv d plvwdnh ru h{shulphqwv dqg fkrrvhv dq| ehkdylrxu xvlqj
d suredelolw| phdvxuh +, zlwk ixoo vxssruw1 Jlyhq d yhfwru ri txdqwlwlhv













Dv ehiruh/ lw lv dvvxphg wkdw dv wlph sdvvhv/ upv jhw d ehwwhu juls rq wkh
pdunhw vlwxdwlrq dqg wkhuhiruh wkh dqdo|vlv lv uhvwulfwhg wr wkh g|qdplfv
zkhuh wkh h{shulphqwdwlrq suredelolw| frqyhujhv wr }hur1 Wr wkdw hqg iru




Vr/ zh frqvlghu wkh vlwxdwlrq zkhuh hyroxwlrq kdv irufhg wkh suredelolw| ri
plvwdnhv rq erwk wkh txdqwlw| vhwwlqj ohyho dqg wkh ehkdylrxudo ohyho wr eh
lqqlwho| vpdoo/ exw vwulfwo| srvlwlyh1
Wr frpsohwh wkh prgho/ zh frqvwuxfw d Pdunry fkdlq rq  zkrvh wudq0
vlwlrq pdwul{ lv ghqrwhg e| T1 Dw wkh ehjlqqlqj ri hdfk shulrg upv vlpxo0
wdqhrxvo| dgdsw wkhlu ehkdylrxu dqg rxwsxw ohyho edvhg rq wkh suhvhqw vwdwh
6
Wkh srvwxodwhg w|shv ri ehkdylrxu pljkw jlyh wkh lpsuhvvlrq wkdw h{hpsodu| lplwdwlqj
lpsolhv vroylqj d surw pd{lpl}dwlrq sureohp/ zkhuhdv surw lplwdwlrq grhv qrw1 Wkhuh0
iruh lw pd| vhhp wkdw vzlwfklqj iurp frrshudwlyh wr frpshwlwlyh ehkdylrxu lpsolhv orrvlqj
udwlrqdolw|/ vlqfh h{hpsodu| lplwdwruv duh pruh vrsklvwlfdwhg1 Krzhyhu/ surw lplwdwlrq
fdq lq idfw dovr eh vhhq dv d irup ri surw pd{lpl}dwlrq1 Wkh rqo| glhuhqfh lv wkdw lw
uhtxluhv ohvv frpsxwdwlrqdo exughq1 Wkhuhiruh/ vzlwfklqj iurp frrshudwlyh wr frpshwl0
wlyh ehkdylrxu phuho| lpsolhv wkdw wkh up lv qrw zloolqj dq| pruh wr hqgxuh d khdylhu
frpsxwdwlrqdo exughq iru ehkdylrxu wkdw lw frqvlghuv qrw wr jlyh wkh ghvluhg uhvxow1
;







Qrwh wkdw T lv d vwrfkdvwlf dqg luuhgxfleoh pdwul{1 Wkh pdwul{ T lv frq0
vwuxfwhg e| pdnlqj eorfnv ri doo shupxwdwlrqv rq ?1 Zlwklq wkhvh eorfnv
doo shupxwdwlrqv rq +,? duh vwruhg1 Khqfh/ wkh frruglqdwh nU lpsolhv wkh
txdqwlw| yhfwru +n, lq eorfn L/ l1h1 zlwk ehkdylrxu yhfwru +L,1 Vlqfh T
lv luuhgxfleoh wkh Pdunry fkdlq kdv d xqltxh lqyduldqw glvwulexwlrq zklfk lv
ghqrwhg e| +,1 Iru whfkqlfdo frqyhqlhqfh lw lv dvvxphg wkdw wkh +, duh
vxfk wkdw doo hohphqwdu| glylvruv ri T duh olqhdu1
Wr idflolwdwh wkh dqdo|vlv lq wkh qh{w vhfwlrq ghqh wkh vwrfkdvwlf dqg








PU+n> o, li L @ M
3 li L 9@ M=
+45,
Qrwh wkdw TW lv d eorfn gldjrqdo pdwul{ zlwk eorfnvTWU @P
U / L @ 4> = = = >Q 1







































Qrwh wkdw T @ TW . F1 Iru wkh uhvxowv wr eh rewdlqhg lq Vhfwlrq 6 wr
krog/ wkh lqwhudfwlrq ehwzhhq wkh eorfnv TWU vkrxog eh uhodwlyho| vpdoo1 Lw lv
prvw qdwxudo wr dfklhyh wklv e| pdnlqj dvvxpswlrqv rq wkh suredelolw| ri













U, lv wkh vhfrqg odujhvw hljhqydoxh ri T
W




Lq wklv vhfwlrq zh suryh wkdw lq wkh orqj0uxq wkh v|vwhp vhwwohv grzq hlwkhu
lq wkh Zdoudvldq htxloleulxp ru lq wkh prqrsro| rxwfrph1 Wr gr vr zh qhhg
vrph dgglwlrqdo qrwdwlrq1
Ghqh wkh frooxvlrq rxwfrph t6 wr eh wkh txdqwlw| wkdw pd{lpl}hv lq0
gxvwu| surwv1 Wkdw lv/ t6 vdwlvhv
S +qt6,t6 F+t6,  S +qt,t F+t, ;t 5 LUn= +49,





 S ++q u,tWo . ut
6,t F+t, ;t 5 LUn=
+4:,
Ixuwkhupruh/ ohw Lf dqg L eh vxfk wkdw +Lf, @ +3> = = = >3, dqg +L, @
+4> = = = > 4,1 Qrwh wkdw tW? @ t
6 dqg wkdw tWf lv wkh Zdoudvldq rxwsxw ohyho t
W1
Lw lv dvvxphg wkdw wkh qlwh julg lv vxfk wkdw tWo 5 +,
? iru doo u @ 3> 4> = = = > q1
Rq wkh txdqwlw| vhwwlqj ohyho/ ghqrwh wkh prqrprusklf vwdwh +t> = = = > t, 5
+,? e| +t,1 Iru +L, 5 ?/ wkh svhxgr0prqrprusklf vwdwh U+t> t
, 5





t li +L, @ 3
t li +L, @ 4>
+4;,
iru doo l 5 L?1 Ixuwkhupruh/ n
W
U lv ghqhg wr eh wkh shupxwdwlrq rq +,
?




Wkh uvw sursrvlwlrq wkdw lv suryhg ghwhuplqhv wkh olplw glvwulexwlrq rq
wkh txdqwlw| vhwwlqj ohyho iru d Pdunry fkdlq zlwk wudqvlwlrq pdwul{ P U /
L @ 4> = = = >Q / l1h1 wkh olplw glvwulexwlrq ri eorfn TWU lv ghwhuplqhg1 Wr suryh
wkh sursrvlwlrq wzr ohppdv duh qhhghg/ wkh surriv ri zklfk fdq eh irxqg lq
wkh dsshqgl{1 Wr vlpsoli| qrwdwlrq/ iru hdfk L @ 4> = = = >Q ghqrwh
DU @ii+t,jmt 5 +,j ^
q
i+t> t,jmt> t 5 +,>
+t> +q e+L, 4,t . e+L,t, A +t> +q e+L,,t . +e+L, 4,t,>




Wkh uvw ohppd ghwhuplqhv wkh vhw ri uhfxuuhqw fodvvhv iru wkh lplwdwlrq
g|qdplfv1
43
Ohppd 614 Ohw +L, 5 ? eh d ehkdylrxu yhfwru1 Wkh vhw ri uhfxuuhqw
fodvvhv iru wkh lplwdwlrq g|qdplfv zlwk wudqvlwlrq pdwul{ P Uf lv jlyhq e|
DU 1
Wkh qh{w ohppd lv dq h{whqvlrq ri wkh fodlp lq Yhjd0Uhgrqgr +4<<:/ s1
6;4,1








A S +ntWKEU . +q e+L, n,t . e+L,t
6,t F+t,=
+53,
Wkh uvw sursrvwlrq fdq qrz eh vwdwhg dv iroorzv1
Sursrvlwlrq 614 Ohw +L, 5 ? eh d ehkdylrxu yhfwru1 Wkh olplw glvwul0
exwlrq U ri wkh Pdunry fkdlq zlwk wudqvlwlrq pdwul{ PU lv d zhoo0ghqhg
hohphqw ri ++,?,1 Pruhryhu/ U&W
U
@ 41
Surri1 Wkh wkhru| xvhg wr suryh wkh sursrvlwlrq lv edvhg rq Iuhlgolq dqg
Zhqw}hoo +4<;7,1 Vhh h1j1 Ndqgrul hw do1 +4<<6,/ \rxqj +4<<;, ru Yhjd0
Uhgrqgr +4<<:, iru d frqflvh wuhdwphqw ri wkh wkhru|1 Lq wkh iroorzlqj zh
xvh wkh lghd ri frvwv ehwzhhq wzr vwdwhv +n, dqg +o,1 Ohw g++n,> +o,, @S
MU?
4EE& 'E,1 Wkh frvwv ehwzhhq +n, dqg +o, duh wkhq ghqhg e|
f++n,> +o,, @ plq
'cc6

g++n,> +m,,mPUf +m> o, A 3

>
l1h1 f++n,> +o,, jlyhv wkh plqlpxp qxpehu ri pxwdwlrqv iurp +n, wkdw lv
qhhghg iru wkh lplwdwlrq g|qdplfv wr kdyh srvlwlyh suredelolw| ri uhdfklqj
+o,1 Lq wkh uhpdlqghu wkh dujxphqw ri +, lv vxsuhvvhg1
Iluvw/ zh exlog d U+t
W
KEU
> t6,0wuhh KW/ zlwk plqlpdo frvwv1 Wkhq lw lv
vkrzq wkdw iru dq| rwkhu vwdwh  9@ U+t
W
KEU
> t6, dqg dq| 0wuhh K wkh
frvwv zloo eh kljkhu1 \rxqj +4<<6, kdv vkrzq wkdw wkh plqlpxp frvw wuhh
lv dprqj wkh 0wuhhv zkhuh  lv dq hohphqw ri d uhfxuvlyh fodvv ri wkh sxuh
lplwdwlrq g|qdplfv1 Wkxv/ iroorzlqj Ohppd 614 rqo| wkh hohphqwv ri DU
qhhg wr eh frqvlghuhg1 Vr/ wdnh ij 5 DU 1 Wkhuh duh irxu srvvlelolwlhv1
41  @ +t,/ t 9@ tW
KEU
/ t 9@ t61 Wklv fdvh fdq eh vxeglylghg lq wzr sduwv1
44
+d, +t> +q  e+L,  4,t . e+L,t6, A +t6> +q  e+L,,t . e+L,t6,1
Frqvlghu wkh iroorzlqj vhtxhqfh ri hyhqwv1
l1 Rqh h{hpsodu| lplwdwru pxwdwhv wr t6/ ghqrwlqj wkh uhvxow0
lqj vwdwh e| 1 Wklv jlyhv frvw f+> , @ 41
ll1 Doo h{hpsodu| lplwdwruv jhw wkh rssruwxqlw| wr uhylvh wkhlu
rxwsxw1 Wkh| doo fkrrvh t6 zlwk srvlwlyh suredelolw|1
lll1 Doo surw lplwdwruv pd| dgdsw wkhlu rxwsxw ohyho1 Wkh| doo
vwd| dw t zlwk srvlwlyh suredelolw|1
Vr/ wkh vwdwh +t> t6, 5 DU lv uhdfkhg dw frvw 41
+e, +t> +q e+L,4,t.e+L,t6, ? +t6> +q e+L,,t.+e+L,4,t6,1
Lw wdnhv rqh pxwdwlrq ri dq h{hpsodu| lplwdwru wr t6 wr uhdfk
zlwk srvlwlyh suredelolw| wkh vwdwh +t6, 5 DU / e| uhylvlrqv ri
erwk h{hpsodu| dqg surw lplwdwruv1 Khqfh f+> +t6,, @ 41
51  @ +t> t,/ t> t 9@ tW
KEU
/ t> t 9@ t61 Wklv fdvh wrr fdq eh vxeglylghg
lq wzr sduwv1
+d, +t> +q e+L,4,t.e+L,t6, A +t6> +q e+L,,t.+e+L,4,t6,1
Dv ehiruh lw wdnhv rqh pxwdwlrq wr uhdfk +t> t6, zlwk srvlwlyh
suredelolw|1
+e, +t> +q e+L,4,t.e+L,t6, ? +t6> +q e+L,,t.+e+L,4,t6,1
Vwdwh +t6, fdq eh uhdfkhg zlwk srvlwlyh suredelolw| xvlqj rqh
pxwdwlrq ri dq h{hpsodu| lplwdwru1
61  @ +tW
KEU




> t6, zlwk srvlwlwyh suredelolw|1
71  @ +t> t6,/ t 9@ tW
KEU






> t6, zlwk srvlwlyh suredelolw|1 Li rqh surw
lplwdwru pxwdwhv wr tW
KEU
dqg qh{w shulrg doo surw lplwdwruv jhw wkh
rssruwxqlw| wr uhylvh wkhlu surgxfwlrq wkhq/ e| dsso|lqj Ohppd 615
zlwk n @ 4/ rqh fdq vhh wkdw doo surw lplwdwruv zloo fkrrvh tW
KEU
zlwk




7Qrwh wkdw ^ ' ^6 dovr ehorqjv wr wklv fdvh1
45
E| w|lqj doo vwdwhv ri wkh irup ri fdvh 4 dqg 5 wr vwdwhv ri wkh irup ri fdvh
7 dqg w|lqj doo vwdwhv ri wkh irup ri fdvhv 6 dqg 7 wr U+t
W
KEU




> t6,0wuhh KW zlwk f+KW, @ mDU m  41
Dv vkrzq deryh/ wr ohdyh dq| vwdwh  5 DUqiU+t
W
KEU
> t6,j lw wdnhv dw
ohdvw rqh pxwdwlrq1 Frqvlghu qrz U+t
W
KEU
> t6,1 Vxssrvh wkdw iru wzr shulrgv
wr frph/ qr h{hpsodu| lplwdwru fdq uhylvh lwv rxwsxw1 Li rqh surw lplwdwru
pxwdwhv wr/ vd|/ t dqg doo surw lplwdwruv diwhuzdugv jhw wkh rssruwxqlw| wr
uhylvh wkhlu rxwsxw/ wkhq e| dsso|lqj Ohppd 615 zlwk n @ q e+L, 4/ rqh
fdq vhh wkdw doo surw lplwdwruv zloo fkrrvh tW
KEU
1 Vr/ lw wdnhv dw ohdvw wzr
pxwdwlrqv wr ohdyh U+t
W
KEU




dq| 0wuhh K zh kdyh









Wr vwdwh wkh sursrvlwlrq rq wkh lqyduldqw glvwulexwlrq ri wkh hqwluh g|0
qdplfv zlwk wudqvlwlrq pdwul{ T ohw xv uvw lqwurgxfh vrph pruh qrwdwlrq1
Vxssrvh wkdw wkhuh duh u upv ehkdylqj frrshudwlyho| dqg khqfh/ qu upv
wkdw duh ehkdylqj frpshwlwlyho|1 Wkhq ghqrwh e|E wkh vhw frqvlvwlqj ri wkh
ydoxhv wkdw u fdq kdyh vr wkdw wkh dyhudjh surw ri surw lplwdwlrq h{fhhgv
wkh dyhudjh surw ri h{hpsodu| lplwdwlqj e| qrw pruh wkdq / l1h1






o . +q u  4,t
6, ? j=
+55,
Ixuwkhupruh/ zh ghqh E =@ i3> 4> = = = > qjqE1 Wkh plqlpxp qxpehu ri
frrshudwlyh upv wkdw qhhgv wr eh suhvhqw lq wkh pdunhw wr pdnh frrshudwlrq




plqiumu 5 Ej li E 9@ >
q li E @ >=
+56,
Vlploduo|/ wkh plqlpxp qxpehu ri frpshwlwlyh upv qhhghg wr pdnh frp0




plqiumu 5 Ej li E 9@ >
q li E @ >=
+57,
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Frqvlghu wkh Pdunry fkdlq rq ?  ? zlwk wudqvlwlrq pdwul{ P / d

































Qrwh wkdw wkh pdwul{ P lv dq djjuhjdwh yhuvlrq ri T zkhuh djjuhjdwlrq kdv






wkh olplw ri d sxuh ehkdylrxudo dgdswdwlrq surfhvv dqg d pxwdwlrq surfhvv
zkhuh wkh suredelolw| ri d pxwdwlrq frqyhujhv wr }hur1 Ohw xv uvw frqvlghu
wkh sxuh ehkdylrxudo dgdswdwlrq surfhvv1
Ohppd 616 Wkh vhw ri uhfxuuhqw vwdwhv iru wkh sxuh ehkdylrxudo dgdswdwlrq
g|qdplfv lv jlyhq e| D @ i+Lf,> +L,j1
Wkh iroorzlqj sursrvlwlrq fdq qrz eh vwdwhg1





 1 Wkh xqltxh lqyduldqw suredelolw|
phdvxuh +, fdq eh dssur{lpdwhg e| d zhoo ghqhg hohphqw +, ri +,1
























Ixuwkhupruh/ wkh dssur{lpdwlrq +, ri +, lv ri rughu R+,1
Surri1 Vlqfh P lv dq luuhgxfleoh pdwul{ wkhuh h{lvwv d xqltxh lqyduldqw
suredelolw| phdvxuh +,1 Wkh surfhgxuh wr suryh wkh sursrvlwlrq lv wkh
vdph dv lq wkh surri ri Sursrvlwlrq 614/ l1h1 zh exlog 0wuhhv dqg wkh rqhv
zlwk plqlpdo frvwv jhw srvlwlyh phdvxuh1 Vlqfh rqo| wkh hohphqwv ri D duh


























zh rqo| qhhg wr frqvlghu wkh vwrfkdvwlfdoo| vwdeoh vwdwhv iurp wkh txdqwlw|
47
vhwwlqj ohyho/ zh frqfoxgh wkdw &W
U
@ 41 Wkh rwkhu fdvhv duh suryhg lq d
vlplodu zd|1
Vlqfh lw lv dvvxphg wkdw ht1 +48, krogv dqg wkdw wkh hohphqwdu| glylvruv
ri T dqg TW
U
/ L @ 4> = = = >Q duh olqhdu/ wkh pdwul{ T lv qhduo| frpsohwho|
ghfrpsrvdeoh1 Iroorzlqj Frxuwrlv +4<::, zh fdq frqfoxgh wkdw wkh djjuh0
jdwlrq lq ht1 +58, ohdgv wr dq dssur{lpdwlrq ri wkh lqyduldqw phdvxuh ri T







  lq Sursrvlwlrq 615 lv qrw qhfhvvdu|/ iru li lw grhv
qrw krog/ wkhq wkh rqo| uhfxuuhqw vwdwh lq wkh sxuh ehkdylrxudo dgdswdwlrq
surfhvv lv +L

, zklfk zrxog ohdg lpphgldwho| wr wkh frqfoxvlrq wkdw wklv lv
wkh xqltxh vwrfkdvwlfdoo| vwdeoh vwdwh1 Lw lv krzhyhu uhdvrqdeoh wr dvvxph
wkdw frruglqdwlrq rq wkh frpshwlwlyh rxwfrph lv ihdvleoh1
 	

Lq wklv sdshu zh h{whqghg wkh prgho ri Yhjd0Uhgrqgr +4<<:, lq wzr zd|v1
Pxowlsoh ehkdylrxudo uxohv duh doorzhg dqg ehkdylrxudo dgdswdwlrq lv lq0
wurgxfhg1 Wklv vhw0xs ohdgv wr wkh frqfoxvlrq wkdw hlwkhu frpshwlwlrq ru




/ lq zklfk fdvh erwk duh
vwrfkdvwlfdoo| vwdeoh,/ ghshqglqj rq wkh vwuxfwxuh ri wkh pdunhw dqg wkh
lqfolqdwlrq wr frrshudwlyh ehkdylrxu1
8
Frpshwlwlrq ohdgv wr wkh Zdoudvldq
htxloleulxp dqg frrshudwlrq ohdgv wr wkh frooxvlrq htxloleulxp1 Wklv sdshu
fdq wkhuhiruh eh vhhq dv surylglqj d wkhruhwlfdo xqghuslqqlqj iru vrph ri
wkh h{shulphqwdo uhvxowv irxqg e| Rhupdq hw do1 +5333,1
Lq wkhlu h{shulphqw Rhupdq hw do1 +5333, udqgrpo| pdwfk lqglylgxdov
lqwr jurxsv ri wkuhh shuvrqv1 Hdfk shuvrq lv jlyhq wkh lqyhuvh ghpdqg
ixqfwlrq dqg wkh frvw ixqfwlrq1 Lqglylgxdov gr qrw nqrz wr zkrp wkh| duh
pdwfkhg1 Lq hdfk urxqg/ hdfk lqglylgxdo fkrrvhv dq rxwsxw ohyho jlyhq wkh
lqirupdwlrq wkdw vkh jhwv1 Rhupdq hw do1 +5333, xvh wkuhh lqirupdwlrqdo
wuhdwphqwv1 Wkh rqh wkdw fruuhvsrqgv wr rxu prgho lv wkh wuhdwphqw lq
8Uhfdoo wkdw wkh lqfolqdwlrq wr frrshudwlyh ehkdylrxu fdq eh lqwhusuhwhg dv wkh sdwlhqfh
wkdw upv kdyh1 Wkhuhiruh/ wkh lqfolqdwlrq wr frrshudwlyh ehkdylrxu kdv wkh vdph uroh lq
wklv prgho dv wkh glvfrxqw udwh lq wkh lqqlwho| uhshdwhg Frxuqrw jdph1 Iru d frqflvh
wuhdwphqw ri wkh lqqlwho| uhshdwhg Frxuqrw jdph vhh h1j1 Wluroh +4<;;,1
48
zklfk diwhu hdfk urxqg hyhu| lqglylgxdo lv lqiruphg derxw wkh uhyhqxhv/
frvwv/ surwv/ dqg txdqwlwlhv ri doo upv lq khu jurxs1 Ixuwkhupruh/ wkh
djjuhjdwh txdqwlw| dv zhoo dv wkh pdunhw sulfh ri hdfk shuvrq*v jurxs lv
jlyhq1 Iroorzlqj Yhjd0Uhgrqgr +4<<:, rqh zrxog h{shfw wkdw hyhu| jurxs
hyhqwxdoo| vhwwohv dw wkh Zdoudvldq htxloleulxp1 Krzhyhu/ wklv lv qrw wkh
fdvh1 Wkh frooxvlrq htxloleulxp lv dovr uhdfkhg txlwh riwhq lq wklv h{shulphqw1
Dffruglqj wr wkh wkhru| suhvhqwhg lq wklv sdshu/ wkh fr0h{lvwhqfh ri erwk
htxloleuld lv wkh uhvxow ri glhuhqw ohyhov ri wkh lqfolqdwlrq wr frrshudwlyh
ehkdylrxu lq jurxsv1
Lw lv d qdwxudo ixuwkhu vwhs wr gurs wkh dvvxpswlrq ri d frpprq lqfol0
qdwlrq wr frrshudwlyh ehkdylrxu dqg uhsodfh lw zlwk lqglylgxdo ohyhov1 Wklv
frxog wkhq idflolwdwh dq dqdo|vlv lqwr wkh lpsdfw ri wkhvh ohyhov rq wkh uhvxow0
lqj pdunhw rxwfrph1 Ixuwkhupruh/ wkh prgho pljkw eh h{whqghg zlwk pruh
ehkdylrxudo uxohv1 Rhupdq hw do1 +5333, iru lqvwdqfh srvh vhyhudo rwkhu
sodxvleoh ehkdylrxudo uxohv1 Lq wklv shuvshfwlyh/ lw zrxog eh lqwhuhvwlqj wr
glvwlqjxlvk ehwzhhq ehkdylrxudo uxohv e| dwwdfklqj frvwv ri xvlqj wkh uxohv/
iru lqvwdqfh edvhg rq wkh ohyho ri lqirupdwlrq wkdw lv dydlodeoh1 Li orwv ri
lqirupdwlrq lv dydlodeoh/ surw lplwdwlrq lv d ihdvleoh ehkdylrxudo uxoh wkdw
grhv qrw uhtxluh pxfk lqwhoohfwxdo ru frpsxwdwlrqdo vnloov1 Wkhuhiruh/ lw fdq
eh vhhq dv d fkhds ehkdylrxudo uxoh1 Li rqo| djjuhjdwh txdqwlwlhv duh nqrzq/
surw lplwdwlrq lv qrw ihdvleoh dq| pruh1 Ilfwlwlrxv sod| iru lqvwdqfh/ vwloo lv1
Krzhyhu/ fwlwlrxv sod| uhtxluhv pruh vnloov dqg fdq wkhuhiruh eh uhjdughg dv
pruh h{shqvlyh1 Lw lv frqmhfwxuhg e| Rhupdq hw do1 +5333, wkdw wkhvh frvwv
duh lq xhqflqj wkh uhvxowlqj htxloleuld lq glhuhqw lqirupdwlrq wuhdwphqwv1
Wkh uhvxowv iurp wklv prgho mxvwli| wkh dwwhqwlrq wkdw dqwl0wuxvw djhqflhv
kdyh iru vr0fdoohg frqfhuwhg sudfwlfh19 Wklv ohjdo whup frpsulvhv qrwklqj
pruh wkdq pdunhw frruglqdwlrq ehwzhhq upv zlwkrxw pdnlqj ohjdoo| elqg0
lqj djuhhphqwv/ l1h1 sod|lqj wkh frooxvlrq htxloleulxp1 Wr ghwhuplqh zkhwkhu
frqfhuwhg sudfwlfh lv ihdvleoh xvlqj wkh wkhru| lq wklv sdshu/ wkh dqwl0wuxvw
djhqf| pxvw kdyh lqvljkw lq wkh lqfolqdwlrq wr frrshudwlyh ehkdylrxu1 Wklv
pd| vhhp lpsrvvleoh/ exw lqwhqvlw| ri frpshwlwlrq pljkw eh d jrrg hvwl0
pdwh1 Iru d glvfxvvlrq rq vhyhudo phdvxuhv iru frpshwlwlrq zh uhihu wr
Errqh +5333,1
9Wkdw lv/ li rqh eholhyhv wkdw frooxvlrq lv edg iru zhoiduh/ zklfk lv d jhqhudoo| dffhswhg
ylhzsrlqw dprqj qhr0fodvvlfdo hfrqrplvwv1
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Ilqdoo|/ iru dqwl0wuxvw djhqflhv wr pdnh d jrrg dqdo|vlv ri d jlyhq pdunhw/
hqwu| dqg h{lw kdyh wr eh wdnhq lqwr dffrxqw1 Wkhuhiruh/ lw zrxog vhhp
dssursuldwh wr h{whqg wkh prgho e| dffrprgdwlqj iru hqwu| dqg h{lw1 Lq
idfw/ Doöv0Ihuuhu hw do1 +4<<<, h{whqghg wkh Yhjd0Uhgrqgr +4<<:, prgho lq
wklv gluhfwlrq/ zlwkrxw wkh srvvlelolw| ri ehkdylrxudo dgdswdwlrq krzhyhu1


   !"" 
Qrwh wkdw hyhu| hohphqw ri DU lv d uhfxuuhqw fodvv1 Zh suryh wkh frqyhuvh
fodlp1 Ohw  5 +,? eh vxfk wkdw wkhuh lv qr D 5 DU vdwlvi|lqj  5 D1
Zh zloo vkrz wkdw wkhuh lv d sdwk iurp  wr d vwdwh lq DU zlwk srvlwlyh
suredelolw|1
Wdnh t 5 i m+ > 3, @ pd{
MU?
i+> 3,j dqg ghqrwh dq| h{hpsodu|
fkrlfh lq +,? e| t1 Zlwk srvlwlyh suredelolw| doo surw lplwdwruv fkrrvh
t dqg doo h{hpsodu| lplwdwruv fkrrvh t qh{w shulrg1 Vr/ qh{w shulrg*v vwdwh
zloo eh +t> t,1 Wkhuh duh wzr srvvlelolwlhv1
41 t @ t> wkhq i+t> t,j @ i+t,j 5 DU 1
51 t 9@ t1 Wkhuh duh wzr fdvhv:1
+d, +t> +q e+L, 4,t . e+L,t,  +t> +q e+L,,t . +e+L, 4,t,
dqg +t> +q 4,t,  +t> +q 4,t,1
Wkhq lw krogv wkdw
t 5 ES ++t> t,,
dqg
t 5 EH++t> t,,=
Vr/ zlwk srvlwlyh suredelolw| vwdwh +t> t, lv uhdfkhg dqg i+t> t,j 5
DU 1
:Vlqfh ^ lv dq h{hpsodu| fkrlfh/ ZE^c E? 3 ^ D ZE^c E?3 ^1
4:
+e, +t> +q e+L, 4,t . e+L,t, ? +t> +q e+L,,t . +e+L, 4,t,
dqg +t> +q 4,t,  +t> +q 4,t,1
Zlwk srvlwlyh suredelolw|/ doo upv fkrrvh t ohdglqj wr wkh prqrpru0
sklf vwdwh +t, 5 DU 1
Wklv suryhv wkh ohppd1
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Iurp ht1 +4:, lw fdq eh vhhq wkdw wkh uvw whup rq wkh ohiw kdqg vlgh lv
dv ohdvw dv odujh dv wkh uvw whup rq wkh uljkw kdqg vlgh1 Wklv suryhv wkh
ohppd1

   !"" 





1 Khqfh/ zh rqo| qhhg wr frqvlghu wkh txdqwlw|
yhfwruv wkdw duh vwrfkdvwlfdoo| vwdeoh lq wkh txdqwlw| vhwwlqj ohyho1 Vxssrvh





















doo l 5 L?/ dqg wkh v|vwhp vwd|v lq +Lf,1





















@ 4 iru doo l 5 L?/ dqg wkh v|vwhp vwd|v lq +L,1
4;
Wr suryh wkh frqyhuvh fodlp/ ohw  5 ?q D1 Vxssrvh wkdw doo upv pd|
fkdqjh ehkdylrxu zklfk kdsshqv zlwk srvlwlyh suredelolw|1 Wkhq doo upv
fkrrvh wkh vdph ehkdylrxu1 Vr/ wkh v|vwhp uhdfkhv hlwkhu +Lf, ru +L,1
Wklv suryhv wkh ohppd1

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Dofkldq/ D1D1 +4<83,1 Xqfhuwdlqw|/ Hyroxwlrq/ dqg Hfrqrplf Wkhru|1
Mrxuqdo ri Srolwlfdo Hfrqrp|/ 8;/ 5445541
Doöv0Ihuuhu/ F1/ D1E1 Dqld/ dqg I1 Yhjd0Uhgrqgr +4<<<,1 Dq Hyroxwlrqdu|
Prgho ri Pdunhw Vwuxfwxuh1 Lq= S1M1M1 Khulqjv/ J1 ydq ghu Oddq/ dqg
D1M1M1 Wdopdq +Hgv1,/ Wkh Wkhru| ri Pdunhwv/ ss1 46<4961 Qruwk0
Kroodqg/ Dpvwhugdp1
Dqgr/ D1 dqg I1P1 Ilvkhu +4<96,1 Qhdu0Ghfrpsrvdelolw|/ Sduwlwlrq dqg
Djjuhjdwlrq/ dqg wkh Uhohydqfh ri Vwdelolw| Glvfxvvlrqv1 Lqwhuqdwlrqdo
Hfrqrplf Uhylhz/ 7/ 869:1
Elqpruh/ N1 +4<<;,1 Jdph Wkhru| dqg wkh Vrfldo Frqwudfw/ yroxph 5=
Mxvw Sod|lqj1 PLW0suhvv/ Fdpeulgjh/ Pdvv1
Errqh/ M1 +5333,1 Frpshwlwlrq1 FhqwHU/ GS 53330437/ Wloexuj Xqlyhuvlw|/
Wloexuj1
Frxuwrlv/ S1M1 +4<::,1 Ghfrpsrvdelolw|/ Txhxhlqj dqg Frpsxwhu V|vwhp
Dssolfdwlrqv1 DFPprqrjudsk vhulhv1 Dfdghplf Suhvv/ Qhz \run/ Q\1
Irvwhu/ G1S1 dqg K1S1 \rxqj +4<<3,1 Vwrfkdvwlf Hyroxwlrqdu| Jdph G|0
qdplfv1 Wkhruhwlfdo Srsxodwlrq Elrorj|/ 6;/ 54<5651
Iuhlgolq/ P1L1 dqg D1G1 Zhqw}hoo +4<;7,1 Udqgrp Shuwxuedwlrqv ri G|0
qdplfdo V|vwhpv1 Vsulqjhu0Yhuodj/ Ehuolq1
Jÿwk/ Z1 dqg P1 \ddul +4<<5,1 Dq Hyroxwlrqdu| Dssurdfk wr H{sodlq
Uhflsurfdo Ehkdylru lq d Vlpsoh Vwudwhjlf Jdph1 Lq= X1 Zlww +Hg1,/
H{sodlqlqj Surfhvv dqg Fkdqjh 0 Dssurdfkhv wr Hyroxwlrqdu| Hfr0
qrplfv1 Wkh Xqlyhuvlw| ri Plfkljdq Suhvv1
Kduvdq|l/ M1 dqg U1 Vhowhq +4<;;,1 D Jhqhudo Wkhru| ri Htxloleulxp Vh0
ohfwlrq lq Jdphv1 PLW0suhvv/ Fdpeulgjh/ Pdvv1
4<
Ndqgrul/ P1/ J1M1 Pdlodwk/ dqg U1 Ure +4<<6,1 Ohduqlqj/ Pxwdwlrq/ dqg
Orqj Uxq Htxloleuld lq Jdphv1 Hfrqrphwulfd/ 94/ 5<891
Pd|qdug Vplwk/ M1 +4<;5,1 Hyroxwlrq dqg wkh Wkhru| ri Jdphv1 Fdp0
eulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh/ XN1
Rhupdq/ W1/ M1 Srwwhuv/ dqg M1 Vrqqhpdqv +5333,1 Lplwdwlrq dqg Eholhi
Ohduqlqj lq dq Roljrsro| H{shulphqw1 plphr/ Xqlyhuvlw| ri Dpvwhu0
gdp dqg Wloexuj Xqlyhuvlw|1
Srvvdmhqqlnry/ D1 +5333,1Ohduqlqj dqg Hyroxwlrq lq Jdphv dqg Roljrsro|
Prghov1 Sk1 G1 wkhvlv/ FhqwHU iru Hfrqrplf Uhvhdufk/ Wloexuj Xql0
yhuvlw|/ Wloexuj1
Vlprq/ K1D1 dqg D1 Dqgr +4<94,1 Djjuhjdwlrq ri Yduldeohv lq G|qdplf
V|vwhpv1 Hfrqrphwulfd/ 5</ 44446;1
Wluroh/ M1 +4<;;,1Wkh Wkhru| ri Lqgxvwuldo Rujdql}dwlrq1 PLW0suhvv/ Fdp0
eulgjh/ Pdvv1
ydq Gdpph/ H1H1F1 +4<<7,1 Hyroxwlrqdu| Jdph Wkhru|1 Hxurshdq Hfr0
qrplf Uhylhz/ 6;/ ;7:;8;1
Yhjd0Uhgrqgr/ I1 +4<<:,1 Wkh Hyroxwlrq ri Zdoudvldq Ehkdylru1 Hfrqr0
phwulfd/ 98/ 6:86;71
Zhlexoo/ M1 +4<<8,1 Hyroxwlrqdu| Jdph Wkhru|1 PLW0suhvv/ Fdpeulgjh/
Pdvv1
\rxqj/ K1S1 +4<<6,1 Wkh Hyroxwlrq ri Frqyhqwlrqv1 Hfrqrphwulfd/ 94/
8:;71
\rxqj/ K1S1 +4<<;,1 Lqglylgxdo Vwudwhj| dqg Vrfldo Vwuxfwxuh1 Sulqfhwrq
Xqlyhuvlw| Suhvv/ Sulqfhwrq/ QM1
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